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Exercise 1

Show that

ˆ 2π

0

ˆ π

0
δr sin θ dθ dφ = 0

ˆ 2π

0

ˆ π

0
δrδr sin θ dθ dφ =

4

3
πδ

where δr is the unit vector in the r direction in spherical coordinates.

Solution

To evaluate the integrals, write δr in terms of the unit vectors in Cartesian coordinates.

The First Integral

ˆ 2π

0

ˆ π

0
δr sin θ dθ dφ =

ˆ 2π

0

ˆ π

0
[(sin θ cosφ)δx + (sin θ sinφ)δy + cos θδz] sin θ dθ dφ

= δx

ˆ 2π

0

ˆ π

0
sin2 θ cosφdθ dφ+ δy

ˆ 2π

0

ˆ π

0
sin2 θ sinφdθ dφ

+ δz

ˆ 2π

0

ˆ π

0
sin θ cos θ dθ dφ

= δx

(ˆ π

0
sin2 θ dθ

)(ˆ 2π

0
cosφdφ

)
+ δy

(ˆ π

0
sin2 θ dθ

)(ˆ 2π

0
sinφdφ

)
+ δz

(ˆ π

0
sin θ cos θ dθ

)(ˆ 2π

0
dφ

)
Let u = sin θ in the third integral in dθ. Then du = cos θ dθ.

= δx

(ˆ π

0
sin2 θ dθ

)
sinφ

∣∣∣∣2π
0

+ δy

(ˆ π

0
sin2 θ dθ

)
(− cosφ)

∣∣∣∣2π
0

+ δz

(ˆ 0

0
u du

)(ˆ 2π

0
dφ

)
= 0δx + 0δy + 0δz

= 0

The Second Integral

Multiplying δr and δr together and distributing, we get

δrδr = [(sin θ cosφ)δx + (sin θ sinφ)δy + cos θδz][(sin θ cosφ)δx + (sin θ sinφ)δy + cos θδz]

= δxδx sin
2 θ cos2 φ+ δxδy sin

2 θ sinφ cosφ+ δxδz sin θ cos θ cosφ

+ δyδx sin
2 θ sinφ cosφ+ δyδy sin

2 θ sin2 φ+ δyδz sin θ cos θ sinφ

+ δzδx sin θ cos θ cosφ+ δzδy sin θ cos θ sinφ+ δzδz cos
2 θ.
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Plugging this expression into the double integral, we get

ˆ 2π

0

ˆ π

0
δrδr sin θ dθ dφ =

ˆ 2π

0

ˆ π

0
[δxδx sin

2 θ cos2 φ+ δxδy sin
2 θ sinφ cosφ+ δxδz sin θ cos θ cosφ

+ δyδx sin
2 θ sinφ cosφ+ δyδy sin

2 θ sin2 φ+ δyδz sin θ cos θ sinφ

+ δzδx sin θ cos θ cosφ+ δzδy sin θ cos θ sinφ+ δzδz cos
2 θ] sin θ dθ dφ

=

ˆ 2π

0

ˆ π

0
[δxδx sin

3 θ cos2 φ+ δxδy sin
3 θ sinφ cosφ+ δxδz sin

2 θ cos θ cosφ

+ δyδx sin
3 θ sinφ cosφ+ δyδy sin

3 θ sin2 φ+ δyδz sin
2 θ cos θ sinφ

+ δzδx sin
2 θ cos θ cosφ+ δzδy sin

2 θ cos θ sinφ+ δzδz sin θ cos
2 θ] dθ dφ.

Six of the integrals evaluate to zero. Only the diagonal terms remain.

= δxδx

ˆ 2π

0

ˆ π

0
sin3 θ cos2 φdθ dφ+ δyδy

ˆ 2π

0

ˆ π

0
sin3 θ sin2 φdθ dφ

+ δzδz

ˆ 2π

0

ˆ π

0
sin θ cos2 θ dθ dφ

= δxδx

(ˆ π

0
sin3 θ dθ

)(ˆ 2π

0
cos2 φdφ

)
+ δyδy

(ˆ π

0
sin3 θ dθ

)(ˆ 2π

0
sin2 φdφ

)
+ δzδz

(ˆ π

0
sin θ cos2 θ dθ

)(ˆ 2π

0
dφ

)
= δxδx

(
4

3

)
(π) + δyδy

(
4

3

)
(π) + δzδz

(
2

3

)
(2π)

=
4π

3
δxδx +

4π

3
δyδy +

4π

3
δzδz

=
4π

3
δ

Therefore,

ˆ 2π

0

ˆ π

0
δr sin θ dθ dφ = 0

ˆ 2π

0

ˆ π

0
δrδr sin θ dθ dφ =

4

3
πδ.
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